MATH7421 Solutions Week 2

Number Fields, Norms and Traces

1.

3.

Note that the set is closed under addition, subtraction and multiplication, since given two

elements r = % and y = %, we have (suppressing notation):
+
c+y= P1G2 = pP2q1
4192
_ Dip2
a192

Note that 0 and 1 are elements of this set. The other commutative ring axioms follow from

the fact that the polynomial ring K[z1, zs, ..., x,] is a commutative ring.

To show that this commutative ring is a field, we simply need to show that every non-zero
element is invertible. But this is clear, since if z = 2@1:02.0n) £ () thep plag, ag, ..., a,) # 0,

q(al,OKQ,...,Oén)
and so 7z~ = {01.02:00) 5o el defined.
plag,az,...an)

A simple computation shows that multiplying numerator and denominator gives the denom-

inator:

(d+ /5 + V5 ) (@ = Bef) + (52 — de)5 + (2 — df)V/5)
= d* + 5e? + 25f? — 15def

which is rational.

(a) If K = Q(a, g, ..., c0,) and n > 3 then K = Q(ay, az)(ag, ..., ). If we have proved
the result for the case n = 2 then we know that we can write Q(aq,as) = Q(5;) for
some algebraic number 3;. Hence K = Q(f4, as, ..., ;). We may continue recursively,

eventually reducing the number of generators to one.

(b) We know that K = Q(«, ) contains Q and «, 5. Since K is a field and ¢ € K it must

contain « + ¢f3, hence contains Q(« + ¢f3).

(c¢) Suppose that mg(y) = f.(y) = 0 for some v € C. Then v = f; for some i and
fe((a+¢cB) — ¢B;) =0, so that a + ¢ — ¢f; = o for some j. If (z,7) # (1,1) then this

BB’
of these values, forcing v = # (which is clearly a root of both polynomials).

equation has solution ¢ = Since K is infinite, we may choose ¢ € K to not be any

(d) We know that g(z)|mg(z) and g(x)|f.(z). However, for our special choice of ¢ € K these

polynomials only have one common root z = f, so that we must have g(z)|(x — f).



Since deg(g(z)) > 1 we must have that g(z) = (z — ) up to non-zero scaling. As
g(x) € Q(a + ¢f)[x], we must therefore have that the coefficient —3 € Q(a + ¢f). This
shows that f € Q(a + ¢f) and a = (a + ¢f) — ¢ € Q(a + ¢f) (since this is a field).
This finishes the proof that Q(«, 5) € Q(a + ¢f) for some choice of ¢ € K.

It is clear that the number a = /7 is a root of the polynomial 2 — 7 € Q[z], which
is irreducible by Eisenstein’s Criterion with p = 7. This polynomial must then be the

minimal polynomial of o, so we therefore have that:
QW) ={a+bVT7|a.b e Q}

and [Q(v7) : Q] = 2.
It is clear that the number o = v/13 is a root of the polynomial z* — 13 € Q[z], which
is irreducible by Eisenstein’s Criterion with p = 13. This polynomial must then by the

minimal polynomial of «, so we therefore have that:
Q(v13) = {a+b\7ﬁ+c{l/ﬁz+d\‘l/1_33]a,b,c,d€ Q}

and [Q(v/13) : Q] = 4.

Let @ = v/2 4+ /3. Then (a —v/2)? = 3, so that o® — 2ay/2 + 2 = 3. Rearranging
gives 2av/2 = o — 1, so that (a® — 1)? = 8a2. It follows that a* — 2a% + 1 = 8a?,
so that « is a root of the polynomial z* — 102 + 1 € Q[z]. We show that this is the
minimal polynomial of @ by showing that it is irreducible over Q, which can be done

using Gauss’ Lemma (i.e. show that it doesn’t admit a non-trivial factorisation over Z).

First note that the rational root test tells us that if this polynomial has a rational root
then it must be x = 1. Neither of these values is a root and so there can be no linear

factors.

The only other possibility for a non-trivial factorisation over Z is into two quadratics:
' —102° + 1 = (az® + bx + ¢)(d2® + ex + f).

Comparing z# coefficients gives ad = 1 and we may scale the factorisation by £1 so that
a = d = 1. Comparing z* coefficients gives that e +b = 0, so that e = —b. Comparing

constant coefficients gives that ¢f = 1, so that a = f = £1.

Our factorisation is now:
' —102° + 1= (2* + br £ 1)(2® — bz £ 1).

Comparing 22 coefficients gives £2 — b> = —10, so that b*> = 8 or b?> = 12. There are no

integer solutions to this equation and so such a factorisation must not exists.

We therefore have that:
Q(V2+V3) = {a+b(V2+V3) + (V2 +V3)* +d(V2+ V3)* |a,b,c,d € Q}
and [Q(v2 +V3) : Q] = 4.

(Challenge: Why didn’t we use Eisenstein’s Criterion to prove irreducibility? It turns

out that it doesn’t work for this polynomial...even if you consider all shifts x +a in place
of z!)



d.

(a)

It is clear that v/d is a root of the polynomial 22 — d € Q[z], and so it is algebraic.
If d = —1 then the polynomial 2% + 1 € Q[z] is irreducible over R, hence over Q. If
d # 0,%1 then there exists a prime ¢|d. Since d is square-free we must also have that
¢? 1 d, and so we may use Eisenstein’s Criterion with prime ¢ to prove that the polynomial
2% — d € Q[x] is irreducible. It follows that in each case we have [Q(v/2) : Q] = 2.

Suppose that [K : Q] = 2, i.e. that K is a 2-dim vector space over Q. In particular,
there must exist a € K such that o ¢ Q. Consider the three elements 1,a,0? € K.
These must be linearly dependent over Q (since it’s a 2-dim vector space!) and so there

must exist a, b, c € Q, not all zero such that aa? + ba + ¢ = 0.

If a = 0 then we find that bav + ¢ = 0. We must have that b # 0 since otherwise
(a,b,¢) =(0,0,0), and so we find that & = —§ € Q. This is a contradiction.

Hence a # 0 and « is a root of a quadratic polynomial ax?® + bx + ¢ € Q[z]. It follows
that q = —bEvbr—dac V;f_A‘“ and K = Q(«).

Let d' = v/b? — 4ac and note that Q(a) = Q(v/d'), since « is in the RHS and v/d’ is in
the LHS (and both fields contain Q by definition!).

Finally, by unique factorisation in Z we can write d’' = (f) ? d for some square-free integer
d. Tt is then clear that Q(v/d') = Q(2v/d) = Q(V/d). Note that d # 0,1 is forced since

t
a ¢ Q.
The conjugates of V3 are ++/3. Tt follows that
TR+7V3) =2+ TV3) +(2-7V3) =4

and

N@2+TV3) = (2+7V3)(2—T7V3) =4 —3-49 = —143.

The conjugates of V2 are /2, (/2 and (2¥/2, where ( = ¢5° = %‘73 is a (primitive)
cube root of unity. It follows that

T(1+V2) =1+ V2) + (1+(V2)+ (1+V2) =3+ 1+ ¢+ )V2=3
(since one can check that 1+ ¢ + ¢? = 0). We also have that
N(1+2) = (14V2) 1+CV2)(1+CV2) = 1+ 1+ V24 (C+C+C)VR +2¢° = 3

(since 14+ ¢+ =(+C+¢=0and *=1).
The roots of z* — 1022 + 1 are V2 +v3,v/2 — V3, =3+ V2 and —v/2 — /3. Tt follows

that these are the conjugates of V2 4+ /3 and so we have that
T(V2+V3) = (V2+V3)+ (V2= V3) + (—vV2+V3) + (-vV2 - V3) =0
and

N(VE+3) = (VE4 VB (VI VB)(—vVZ+ VB (—VE—V3) = (2 - 3)(2—3) = 1



7. Let vy, as, ..., aq be the conjugates of . Consider the factorisation of mg(z):

8.

me(z) = H(a: — ;).

i=1
We have that:
d d

N(a—ba) = Hai(a —ba) = H(a —boi(a)) = H a—ba;) =

=1 i=1

|:]&

[1(5 ) = (5)

For o = /2 we have that mu(z) = 2% — 2 and so N(1 + \75) = (=1)*m.(1)(-1) =
(=D((=1)° =2) =3.
(a) We know by definition that A(Sy, Ba, ..., Ba) = det(Mg, ,..5,)%, where

01(P1) o1(B2) ... o1(Ba)
Mp, 5. 50 = 02(251) 02(:52) 02(:ﬁd)
oa(B1) oa(B2) .. oa(Ba)
By the hint we may write A(By, fa, ..., Ba) = det(MJ 5, 5 Mg, 3, . 5,). This matrix has

-----

(1, 7)-entry 22:1 ox(Bi)ow(B;) = 22:1 ox(BiB;) = T(B:B;) € Q, and so the determinant
of this matrix must be rational. Hence A(fy, Ba, ..., Ba) € Q.

To show that it is non-zero, note that if A(Sy, 52, ..., Ba) = 0 then the rational matrix

T(B7) T(Bif2) ... T(Bifa)
T(B:pr) T(B3) .. T(B2fa)
Mghﬁz ..... BdMﬁhﬁz ----- Ba — : : . :
T(Babr) T(BaB2) - T(BY)
has determinant 0, so that it’s rows are linearly dependent over Q. Hence, there exists

C1,Ca, ...y Cq € Q, not all zero, such that:

T(B18j) + c2T(B25) + ... + cal'(Bafs) = 0
for each j. However, by linearity this implies that T'((¢1 81 + c2f82 + ... + caf8a) B;) = 0 for
each j.

Letting * = 181 + 22 + ... + cafa € Q(a)\{0}, we see that T'(x;) = 0 for each
j. But this implies that T'(zy) = 0 for every y € Q(«) (since the §; form a basis for
Q(a) over Q). However, since z # 0 we may choose y = 27! € Q(a) and find that
T(zx™') =T(1) = d # 0, which is a contradiction. Hence A(S3y, B, ..., 84) # 0.

(b) This follows from the fact that the o; are field homomorphisms. The (i,7) entry of

.....

d d
= 0D _ciiBi) =D cijoi(By).
=1 =1

This is the (7, j) entry of C'Mpg, 3,

77777

A<617 6&? 75&) - det(M/J’{ﬁé ----- /5&)2 - det(CMﬁ1ﬁ2 ~~~~~ 5d)2
= det(C)*det(Mg, g,,..5,)*

= det(C)’A(B1, Ba, -, Ba)-



9.

(a)

Recall Leibniz’s formula for determinants:

n

det(aiy) = Y sgn(0) [ [ aioe-

oESy =1

Note that for our matrix: .

ﬁ Aio(i) = H xf(i)_l,
i=1

=1

which is a monomial of total degree >\ (0(i)—1) = 0+14+2+...4n—1 = "(”2_1) = ().

Thus det(V') is a polynomial of degree (") in Q[zy, zg, .., x,] (since it is a signed sum of

2
such monomials, and £1 € Q).

Now note that setting x; = x; for any 1 < ¢ < j < n forces two rows of V' to be
equal, so that det(V) = 0 in this case. It follows that (z; — z;) | det(V') for each such
i,7. Since these linear polynomials are coprime in Q[x1, s, ..., z,| we must have that
H1§i<j§n(xj —x;) | det(V).

However, the product on the LHS also has degree (Z) and so we must have that det(V') =

¢[1i<icj<n(®j — 7;) for some constant ¢ € Q.

We must have that ¢ = 1 since there is only one term in the determinant of the form

rox3..2" ! (i.e. the product of the diagonal entries of V') and this term appears in the

product with coefficient ¢. Thus det(V) = [[,, <, (z; — 7:).

We find that:
o1(1) o1(v) o1(v?) o1 () 2
A(l,fy’f}/Q’._.’f}/d*l):det 02(1) 02(’7> 0'2(’7) 0’2(7 )
oq(1) o4(y) ca(7?) .. O-d(’}/dil)
1 o1(y) o1(y)? o1 ()41 2
2 d—1
— det 1 0'2‘(7) 02('”)/) az(f}f)
1 oa(y) oa(7)? .. oaly)??

This matrix is a Vandermonde matrix, hence by part (a) we have:

ALY = T (050) = 00))? = (=) T [(05(7) = 0:()).

1<i<j<d i#£]

@ sign changes to flip the terms in the brackets with 1 < j <

since we need (g) =
i <d.
Now note that m,(z) = Hle(x — 0i(7)), since the quantities o;(7) are the conjugates

of v (which are by definition the roots of m.,(x)).
The derivative of m.,(z) is m/(z) = Zle [Iiz(x —0i(7)). It follows that:

N(ml (7)) = H oj(m(7)) = Hmé(%’(v)) =

Jj=1



10.

Note that each bracket on the RHS consists of a sum of products, with each product
omitting the term (o;(y) — o¢(7y)). If j # ¢ then this product will contain the term
(0j(v) —oj(v)) = 0, so contributes 0 to the bracket. Hence only the case j = ¢ con-
tributes, so that:

proving the claim.

We rationalise the denominator of —— as follows:
a+bvd

1 B 1 a—b\/a_a—b\/a
a+b/d a+bV/d a—bJ/d a®—db?

which has rational denominator and is non-zero (since (a,b) # (0,0) and d # 0,1 is

square-free.

Notice that all we did was multiply numerator and denominator by the non-trivial
conjugate of a + bv/d, and the denominator becomes the norm N (a+ b\/c_l) = a? — db*.

We know that N(f) = Hle o:(f) € Q, and it is non-zero since § # 0 (recall that the
o; are injective embeddings of K into C and so if 0;(8) = 0 for any ¢ then 5 = 0.

Order the embeddings so that oy (8) = §. Letting v = [, 0:(8) = % € Q(a), we

see that:
L I~y _ v g

8By By N@)

which has rational non-zero denominator.



