MATH7421 Problems Week 2

Number Fields, Norms and Traces

1. Let K be a field. In the notes we defined the extension field K(ay,ag, ..., ;) to be the
smallest field containing K and «aq, ag, ..., a,. We then showed that K(aq, s, ..., a;,) contains
the set:

{p(ahan ,O{n)

Q(a17a2) ...,Oén>

p(z1, T, ... Ty,)

q<$lax27 73771)

€ Klxy,z9,...,x,] and q(aq, e, ..., ) # 0} .

Show that this set is a field, so that in fact we have equality.

2. Let (d,e, f) # (0,0,0) be a triple of rational numbers. We claimed in the notes that we can

rationalise the denominator of:

1
d+e\3/5+f\3732

by multiplying numerator and denominator by (d*> — 5ef) + (52 — de)/5 + (e — df) 5.
Show that this claim is true.

3. In the notes, it was promised that every number field is of the form Q(«) for some algebraic

number «. In this exercise we will prove this fact.

(a) A general number field is of the form Q(ay, ag, ..., ay,) for algebraic numbers ay, ..., ay,.

Show that it suffices to prove the claim for the case n = 2.

(b) Let K = Q(«, B) with «, 8 algebraic numbers. Show that Q(a + ¢f) C K for every
ce K.

(¢) We will now show that there exists ¢ € K such that Q(«, 5) C Q(a + ¢f), proving the
claim for the case n = 2.

Suppose that the minimal polynomials of o and [ factor as follows:

n

me(z) = H(:U — ;)

ms(a) = [« - 8)

i=1
with oy = a and 1 = . The «; are distinct and similarly for the §; (by Exercise 7 of
Week 1, irreducible polynomials in Q[x] cannot have repeated roots).

For each ¢ € K consider the polynomial f.(z) = mu((a 4+ ¢f) — cx). Show that there
exists a value of ¢ € K such that the polynomials m,(z) and f.(x) have at most one

common root, which is z = f.



(d) Let g(x) be the minimal polynomial of 5 over Q(« + ¢f). Show that g(x) = x — 3, so
that 8 € Q(a + ¢f). Hence show that Q(«, 5) C Q(a + ¢f).

4. Show that each of the following numbers « are algebraic, find their minimal polynomials, give
explicit descriptions of the number field Q(«) and state the values of the degree [Q(«) : Q):

5. (a) Let d # 0,1 be a square-free integer. Show that v/d is algebraic and that K = Q(+/d)
is a quadratic number field, i.e. [K : Q] = 2.

(b) Show that every quadratic number field is of the form K = Q(v/d) for some square-free
integer d # 0, 1.

6. Compute the norms and traces of the following elements in the following number fields:

(a) 2+ 7V3 € Q(V3)
(b) 1+ V2 € Q(V2)
(¢) V24+V3 € Q(v2++/3) (Hint: as we saw earlier, the minimal polynomial is 2* —102%+1).
7. Let K = Q(a) be a number field and m,(x) be the minimal polynomial of the algebraic
number «. Show that if a,b € Q then N(a — ba) = b?my, (). Use this formula to efficiently

find the norm in Exercise 6(b).

(Hint: Use the factorisation of m,(x) into linears).

8. Let Q(«) be a number field of degree d and (1, fa, ..., B4 € Q(«) be a basis.

(a) Show that A(ﬁl, ,62, ...,ﬁd) S Q\{O}
(Hint: If M is a matrix then det(M)? = det(M7? M). What is the matrix M7 M in this
case? Where does its entries live? What happens if det(M) = 07)

(b) If B = Zle ¢, j3; for some ¢; ; € Q then
A(ﬁia Bév ) Bél) = (det(c))QA(ﬁla BQ) cey Bd)

where C' is the matrix having (¢, j)-entry ¢; ;.

9. (a) Let xq,x, ..., 2, be variables and consider the Vandermonde matrix:

1 oz 22 . 2!
1 @y 22 .. ay!

V= . :
2 n—1

1z, z; .. xy

Show that det(V) =[], ;. <, (7 — ).

(Hint: Show that it’s a polynomial in Q[zy, zs, ..., x,] of degree (g) and show that it
must be divisible by (z; — ;) for each 1 <1i < j <n).
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(b) Use part (a) to show that if  is an algebraic number with deg(m.(z)) = d then
ALY Ay ) = ()T N (@)

where m/ (x) is the derivative of m,(x).

10. Earlier we saw how to rationalise denominators in the unfamiliar situation of cubic denomi-
nators, but there was no explanation of how this was done. It’s time to reveal to you how to

rationalise the denominator in general...

(a) Let d # 0,1 be square-free and (a,b) # (0,0) be rational. Remind yourself of how to

rationalise the denominator of 11) 7 € Q(+/d) and rewrite the recipe in the language of

a+
conjugates and norms.

(b) Let K be a number field of degree d with embeddings o; for 1 < i < d. If § € K\{0}
then construct an explicit v € K that rationalises the denominator of % € K. Prove

that your construction works.



