MATH7421 Useful Information Sheet
(Algebraic Number Theory)

Polynomial Irreducibility Tests

1. Extension Field Test: Let f(z) € K[z] with deg(f) > 1 and L be a field containing K. If

f is irreducible over L then f is irreducible over K.

2. Rational root test: Let f(z) = ag + a12 + asz? + ... + a,2™ € Z[x] have deg(f(z)) > 1 and
ag # 0. If f(a) =0 for some a = 2 € Q then b|ag and c|a,,.

3. Gauss’ Lemma If f(x) € Z[z] is reducible over Q then there exists a non-trivial factorisation
with factors in Z[z].

4. Eisenstein’s Criterion Let f(z) = ag + a1z + asx® + ... + a,x" € Z[z] and suppose that

there is a prime p such that:

° ptan
e pla; foreach 0 <i<n-—1
o p?fag

Then f(x) is irreducible over Q.

Discriminant of an n-tuple of a number field

1. Definition: Let Q(«) be a number field of degree d and /31, B, ..., B4 € Q(«). The discrim-
inant is A(Sy, Ba, ..., B4) = det(Mpg, g, .5,)%, where:

01(51) 01(52) Ul(ﬂd)
02(51) 02(52) 02(561)

Mg, p,...00 =

oa(B1) o0a(B2) ... oa(Ba)
2. Properties: Let Q(a) be a number field of degree d and (3, fs, ..., 4 € Q(a) be a basis.
o A(ﬁl?ﬁ% ceey Bd) € @\{0}
o If B = S ¢i;B for some ¢;; € Q then
A(ﬁia 557 i} Bél) = (det(c))QA(ﬁla 527 (RS ﬁd)

where C' is the matrix having (i, j)-entry ¢; ;.

o If 1,79, ...,74 € Ok are a basis for K then A(vy1,7,...,74) € Z\{0}.



Noetherian Criteria

1. An integral domain is Noetherian if it satisfies one of the following equivalent conditions:

e Every non-empty set S of ideals of R has a maximal element with respect to inclusion,

i.e. there exists I € S that is not contained in any other J € S.
e Every ideal of R is finitely generated.

e Every infinite sequence of ideals I, I5, I5... of R such that:
LCLCI;C ..

eventually stabilises, i.e. at some point we have I, = [,,11 = [,40 = ...



