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(Algebraic Number Theory)

Polynomial Irreducibility Tests

1. Extension Field Test: Let f(x) ∈ K[x] with deg(f) ≥ 1 and L be a field containing K. If

f is irreducible over L then f is irreducible over K.

2. Rational root test: Let f(x) = a0 + a1x+ a2x
2 + ...+ anx

n ∈ Z[x] have deg(f(x)) ≥ 1 and

a0 ̸= 0. If f(a) = 0 for some a = b
c
∈ Q then b|a0 and c|an.

3. Gauss’ Lemma If f(x) ∈ Z[x] is reducible over Q then there exists a non-trivial factorisation

with factors in Z[x].

4. Eisenstein’s Criterion Let f(x) = a0 + a1x + a2x
2 + ... + anx

n ∈ Z[x] and suppose that

there is a prime p such that:

• p ∤ an
• p|ai for each 0 ≤ i ≤ n− 1

• p2 ∤ a0

Then f(x) is irreducible over Q.

Discriminant of an n-tuple of a number field

1. Definition: Let Q(α) be a number field of degree d and β1, β2, ..., βd ∈ Q(α). The discrim-

inant is ∆(β1, β2, ..., βd) = det(Mβ1,β2,...,βd
)2, where:

Mβ1,β2,...,βd
=

⎛⎜⎜⎜⎜⎝
σ1(β1) σ1(β2) . . . σ1(βd)

σ2(β1) σ2(β2) . . . σ2(βd)
...

...
. . .

...

σd(β1) σd(β2) . . . σd(βd)

⎞⎟⎟⎟⎟⎠
2. Properties: Let Q(α) be a number field of degree d and β1, β2, ..., βd ∈ Q(α) be a basis.

• ∆(β1, β2, ..., βd) ∈ Q\{0}.
• If β′

j =
∑︁d

i=1 ci,jβi for some ci,j ∈ Q then

∆(β′
1, β

′
2, ..., β

′
d) = (det(C))2∆(β1, β2, ..., βd)

where C is the matrix having (i, j)-entry ci,j.

• If γ1, γ2, ..., γd ∈ OK are a basis for K then ∆(γ1, γ2, ..., γd) ∈ Z\{0}.
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Noetherian Criteria

1. An integral domain is Noetherian if it satisfies one of the following equivalent conditions:

• Every non-empty set S of ideals of R has a maximal element with respect to inclusion,

i.e. there exists I ∈ S that is not contained in any other J ∈ S.

• Every ideal of R is finitely generated.

• Every infinite sequence of ideals I1, I2, I3... of R such that:

I1 ⊆ I2 ⊆ I3 ⊆ ...

eventually stabilises, i.e. at some point we have In = In+1 = In+2 = ...
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